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ABSTRACT. A smooth function f in a neighbourhood of the unit sphere S"~! is said to
be extendible with index A if it can be extended to a function F' in the unit ball B™ such
that I’ has a unique critical point p and the Morse index of p is equal to A. It is easy to
see that a function f cannot be extendible with both index A and p if one of them is odd
and the other is even. We prove that on the level of Morse-Barannikov complexes there
are no obstructions to the existence of f that is extendible with all possible indices of the
same parity. We also prove that for any two indices that differ by two there indeed exists
a function f extendible with either of the indices.
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1. INTRODUCTION

Consider a smooth function f in a neighbourhood of the unit sphere S™~! inside the unit
ball Bj(1). Its smooth extensions inside the unit ball generically have only non-degenerate
critical points. In [1] S.Barannikov, following a question by V.I. Arnold, gave a lower bound
for the number of critical points of such extensions making use of what later became known
as Morse-Barannikov complexes. In the present paper we consider a related problem.

Problem 1.1. Suppose we are given a smooth function f in a neighbourhood U of the unit
sphere S"! inside the unit ball B§(1). Let F: By(1) — R be a smooth extension of f such
that the origin O is the unique critical point of F and Hessg I’ is non-degenerate. What
information about the Morse index pup(0) can be retrieved from f?

We say that a function f defined in a neighbourhood U of the unit sphere S"~! inside
the unit ball Bj(1) admits index A if there exists a smooth extension F': Bj(1) — R of
f such that the origin is the unique critical point of F' and its Morse index is equal to .
There are cases when a function admits only one index. For instance, if grad f|g.-. always
points inside the ball, then 0 must be the point of global maximum of F' hence pp(0) = n.
In general, the parity of pr(0) can be retrieved from f (see Proposition {4.1).

The main results of the paper are formulated in Proposition [4.6] and Theorem [6.1 In
Proposition [4.6] we prove that on the level of Morse-Barannikov complex there are mno
obstructions to the existence of a function f that admits all the indices of the same parity.
In Theorem we prove that for any 0 < A < n — 2 there exists a function [ define in a
neighbourhood of S™~' that admits both index X and \ + 2.

We firmly believe that the following statement must hold.

Conjecture 1.2. For anyn > 2 there exist functions fo and fi in a neighbourhood of S™~!
such that fy admits indices 0,2,...,2-[n/2] and fi admits indices 1,3,...,2-[(n+1)/2]—1.

Theorem settles the conjecture in dimensions 2 and 3; the fact that the proof of
the theorem is constructive indicates that the usual artefacts of higher dimensions such as
exotic smooth structures should not come into our way.

The paper is organised as follows. In Section [2| we briefly review the basics of Morse and
Cerf’s theories, the goal of this section is mainly to fix the notation. In Section [3] we define
the Morse-Barannikov complex (our definition differs slightly from the original one) and
restate the results of Cerf’s theory in the terms of that complex. In Section [4] we apply the
Morse-Barannikov complex to Problem [I.I} Namely, in Proposition we prove that the
parity of pr(0) can be retrieved from f, in Propositio we construct Morse-Barannikov
complexes admitting two indices that differ by two, and in Proposition [4.6| we construct
Morse-Barannikov complexes that admit all possible indices of the same parity.

Sections [5] and [] are devoted to the proof of Theorem [6.I} In Section [5] we develop a
number of tools to perform the metamorphoses of functions in a controllable manner. In
Section [0] we first explain the two-dimensional case and then prove the theorem.

In Sections [ and [6] we do not use the Morse-Barannikov complexes directly, so the
content of Sections [3] and [4] is not strictly necessary to understand the last two sections.
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2. PRELIMINARIES: MORSE AND CERF’S THEORIES

In this section we mainly follow two books by Milnor [4], [5] and a more modern expo-
sition by Nicolaescu [6].

Throughout the text smooth means C'*°, a manifold means a manifold with boundary,
and a closed manifold means a compact manifold without boundary. Let M"™ be a smooth
n-dimensional manifold with the boundary 0M. For a boundary point p € dM the tangent
space 1T,,0M divides the tangent space T, M into two semi-spaces that consist of the vectors
pointing inside or outside the manifold; these (open) semi-spaces are denoted by T;”M and
T M respectively.

For a smooth fibre bundle £ — M and a subset X C M we denote by C*(X, E) the
space of smooth sections of F over X. That is, the space of (global) smooth vector fields on
M is C°°(M,T M), the space of smooth real-valued functions C*° (M, M xR) is abbreviated
to C(M).

Given a vector field V' € C*°(M,TM) and a smooth function f € C*(M) the derivative
of f along V is the function V f € C°(M) given by V f(p) = d,f(V(p)) for any p € M.

2.1. Morse functions. Let f: M — R be a smooth function. A point p € M is called
a critical point of f if the differential d,f: T,M — R vanishes, otherwise p is called a
reqular point of f. The point p is critical if and only if in (any hence all) local coordinates
(z',...,2") around p the partial derivatives g g vanish at p. Crit f denotes the set of all
critical points of f.

Let p be a critical point of the function f. The Hessian form of f at p is a symmetric
bilinear form Hess, f: T,M x T,M — R defined on a pair of tangent vectors u,v € T,M

by

Hess,, f(u,v) = (U(Vf))(p)a

where U and V' are arbitrary extensions of u and v to local vector fields around p. In local
coordinates (z!,...,x") around p one has

J 0 0*f
ey | <8x” 8:1:3) 0xt0x) )
The n x n matrix H,f with entries (H,f);; = %(p) is called the Hessian matriz of f
at p in the local coordinates (z', ..., z").

A point p € Crit f is called a degenerate critical point of the function f if the Hes-
sian form Hess, f is degenerate (that is, there exists a vector v € T,M such that
Hess, f(v,_): T,M — R vanishes). Otherwise p is called a non-degenerate (or Morse)
critical point of the function f. The point p is degenerate if and only if in local coordinates
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(z',...,2") around p the Hessian matrix H,f has a zero eigenvalue. Morse f denotes the

set of all Morse critical points of f.
For a point p € Morse f its Morse index pg(p) is the maximal dimension of a subspace
of T, M on which the Hessian form Hess,, f is negative definite, that is,

pr(p) = max {dimV:V <T,M and Vv € V' \ {0} Hess, f(v,v) < 0}.

The Morse index ji¢(p) is equal to the number of negative eigenvalues of the Hessian matrix
H,f in local coordinates (z',...,2") around p.

Definition 2.1. A smooth function f: M — R on the smooth manifold M with the
boundary OM is called a Morse function if
(1) Crit f C M \ OM, that is, there are no critical points of f in the boundary 0M,
(2) Morse f = Crit f, that is, the critical points of f are non-degenerate, and
(3) Morse f|;,, = Crit f|,,,, that is, the critical points of the restriction of f to the
boundary M are non-degenerate.

2.2. Flow lines.

Definition 2.2. Let f be a Morse function on a smooth manifold M.

(1) A local coordinate system (xy,...,x,) in a neighbourhood U, of a point p € Crit f

is adapted to f if
F=rp) - @) = = (@) + @)+ + @) iU,

(2) A vector field V. € C®(M,TM) is called a gradient-like vector field for f if
Vf(p) > 0 for all non-critical p € M, and for any critical point p of f there
exists a neighbourhood U, of p and a coordinate system (z,...,z") in U, adapted
to f such that V/2 = —z'.% — ... — an% +x’\+1ax;f+1 +...+2"5% on U,

(3) A Riemannian metric g € C*(M, S*T*M) is adapted to f if for any critical point

p of f there exists a neighbourhood U, of p and a coordinate system (x',..., z")

in U, adapted to f such that g = (dz?)* + ... + (dz™)* on U,.

Lemma 2.3 (Morse). Let f be a smooth function on a smooth manifold M and p be a
non-degenerate critical point of f. Then there exists a neighbourhood U of p and local
coordinates (1, ...,x,) on U adapted to f.

Remark 2.4. Let f be a Morse function on a smooth manifold M with boundary 9M.
Riemannian metrics on M adapted to f and gradient-like vector fields for f are closely
related. Namely,

(1) Given a Riemannian metric g on M adapted to f (their existence is easily deduced
by a partition of unity argument), the vector field V' = grad, f is called the gradient-
like vector field for f associated to g.

(2) Given a gradient-like vector field V' for f one can define a Riemannian metric g on
M adapted to f such that grad, f = V in the following fashion. Fix neighbourhoods
U, from the definition of the gradient-like vector field. Define Riemannian metrics

gp € C(U,, S*T*M) by g, = (dz")? + ... + (dz")*. Take a positive definite
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bilinear form g € C*(M \ Crit f, S*(kerdf)*) and define a Riemannian metric
Greg € C(M \ Crit f, S*T*M) by

Greg(u +aV(z),v+bV(x)) = g(u,v) +ab- (Vf)(z) for u,v € kerd, f and a,b € R.

The metric g is obtained from g, and g¢,., using a partition of unity subordinate to
the open cover {Up}pecrit f U {M \ Crit f} is the one we need.

Now let M be a closed manifold, f: M — R be a Morse function and V' € C>*°(M,TM)
be a gradient-like vector field for f. Denote by ®, the flow on M determined by —V', that
is,

d
dt|,_,.

For any point x € M the limits ®1(z) = tliin ®,(x) exist and are critical points of f. For
— 400

O () = =V (P (x)) and Py(z) = x for any z € M and ¢, € R.

a point x € M the curve 7{, = ® (x): R — M is called the parametrised flow line through
x (with respect to V') and its image is called the (unparametrised) flow line through x
(with respect to V).

For a point p € Crit f we set

t—+oo

W =W, (V)= (p) = {x € M: lim &yx) = p} :

The sets W™ and W, are called the stable and unstable manifolds of p with respect to V'
respectively.

Definition 2.5. Let f: M — R be a Morse function on a smooth closed manifold M and
V e C®°(M,TM) be a gradient-like vector field for f. V is called a Morse-Smale vector
field adapted to f if for any p,q € Crit f the unstable manifold W, (V) intersects the
stable manifold W (V') transversally.

Theorem 2.6 (Smale, [8]). For any Morse function f on a smooth closed manifold M
there exists a Morse-Smale vector field on M adapted to f.

Let f: M — R be a Morse function on the closed manifold M™ and let V- € C*°(M,TM)
be a Morse-Smale vector field adapted to f. Consider two points p,q € Crit f. The
intersection WP = W, N I/V;r consists of the flow lines with source ¢ and target p and its
dimension is

dim WP = n — (codimy; W, + codimy, W;) =n— (ur(p) +n—pr(q) = nr(p) — 1s(q).
The space W} is endowed with a free action of R given by the flow ®. The quotient
ME = WP/R is obviously in bijection with the flow lines going from p to ¢ and is thus
called the moduli space of flow lines from p to q.

Proposition 2.7.
(1) Let f(q) <r < f(p). Then WPNf~(r) is a smooth submanifold of M of dimension
ps(p) — pslq) — 1.
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(2) The moduli space MY is a smooth manifold diffeomorphic to any of WP N )
with f(q) <r < f(p).

Now let p and ¢ be critical points of indices A and A — 1 respectively. Then MY is a
0-dimensional compact manifold, that is, a finite set with discrete topology. For each flow
line 7 € M?% we define its sign sgny to be £1 depending on the orientation of a frame
at a point x € ¥ N f~1(r), consisting of positively oriented frames of W, n f7(r) and
W f~'(r) at point x together with V' (z).

2.3. Cerf’s theory. For a more detailed exposition of Cerf’s theory see [2] and [7].

Let f,g: M — R be two smooth functions on a closed manifold M. They are called
equivalent if there are diffeomorphisms R: M — M and L: R — R such that f = LogoR™!.
A Morse function is called non-resonant if all of its critical values are distinct. A Morse
function is called simply resonant if the number of its distinct critical values differs by one
from the number of its critical points. A smooth function f: M — R is called a birth-death
function if all of its critical points but one are Morse, all the critical values are distinct,
and there is a local coordinate system around the only non-Morse point p in which the
function is expressed as

F=Fm) — (@) = = @)+ @)+ (@ @)
Proposition 2.8.

(1) Let f be a non-resonant Morse function. Then there is a neighbourhood U of f
such that each g € U is a non-resonant Morse function equivalent to f.

(2) Let f be a simply resonant Morse function. Then there is a neighbourhood
U=U.UU_UU- of f such that U= is a codimension-one submanifold of U con-
sisting of simply resonant Morse functions equivalent to f, while Us and U- are
open subsets consisting of equivalent non-resonant Morse functions.

(3) Let f be a birth-death function. Then there is a neighbourhood U = Uy U Uy U Uy of
f such that such that Uy is a codimension-one submanifold of U consisting of birth-
death Morse functions equivalent to f, while Uy and Uy are open subsets consisting
of equivalent non-resonant Morse functions. # Crit g = # Crit f —1 for g € Uy and
# Critg = #Crit f + 1 for g € Us.

Let us denote by Fy the set of non-resonant Morse functions, by F7* the set of birth-
death functions and by ]-"f the set of simply resonant functions. g is an open dense subset
of C°(M,R) (in C*topology), F* and F} are codimension-one (Frechet) submanifolds of
C>®(M,R).

Proposition 2.9. Let fy, fi: M — R be two non-resonant Morse functions. Then there
exists a path y: [0,1] — C*(M,R) such that

(1) 7(0) = fo and v(1) = fi;
(2) v(t) is a non-resonant Morse function, simply resonant Morse function or a birth-
death function for all t € [0,1];

(3) ~(t) intersects F* and F. transversally (and thus in a finite number of points).
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Moreover, a generic path satisfying (1) satisfies (2) and (3).

Definition 2.10. A Morse function F': M — R on the smooth manifold M with the
boundary 0M is called non-resonant if all the critical values of F and of F|,,, are distinct.

3. THE MORSE-BARANNIKOV COMPLEX

3.1. Definition and first examples. Let F' € C*°(U) be a Morse function in a neigh-
bourhood U of the boundary 0 M of a smooth manifold M™, V € C*(U,TM) be a gradient-
like vector field for F', and W € C*(0M,TOM) be a Morse-Smale vector field adapted to

f= F|8M‘

Definition 3.1. The Morse-Barannikov complex (MB-complez for short) associated to the
triple (F,V, W) is a decorated graph in the plane drawn as follows.

(1) For each p € Crit f draw a vertex with coordinates (u7(p), f(p)) marked by p with
an arrow pointing upwards if V(p) € T2 M and downwards if V(p) € T," M.

(2) For each pair of critical points p,q € Crit f with f(p) > f(q) and ps(q) +1 =
fiy(p) = A count the numbers +7 and —# of the points in M with sign +1 and —1
respectively.

(3) If +7 > 0, then draw a graph of a convex increasing function a: [A —1,A\] — R with
a(A—1) = f(q) and a(\) = f(p) and write the number +? near the graph (we omit
the number if +7 = 1).

(4) If +2 > 0, then draw a graph of a concave increasing function b: [\ — 1,A\] — R
with b(A —1) = f(q) and b(\) = f(p) and write the number —? near the graph (we
omit the number if -2 = 1).

Thus an n-dimensional MB-complex consists of vertices that are characterised by a quadru-
ple (p, i, c,v), where pp = u(p) € {0,...,n — 1}, ¢ = ¢(p) € R, and v = v(p) € {1,)} and
oriented edges that are represented by graphs of concave or convex increasing functions.
We draw the lines {z = 0},...,{z = n — 1} on which all the vertices sit for convenience,
and we do not draw arrows for edges as every edge goes from left to right and from bottom
to top.

The MB-complex defined above is a slight refinement of the framed Morse complex
defined by Barannikov in [I]. In a sense, our definition is a step from the framed Morse
complex to the category C; from [3].

Example 3.2. Let M = B}(0) be the closed unit ball in R", F' be the restriction of
the height function in R" to M (i.e. F(z',...,2") = a"), V = 3%, W(z) be the or-
thogonal projection of V(z) to T,0M = T,S5"'. Then f = Fl|g._, has only two crit-
ical points ¢t = (0,...,0,1) and b = (0,...,0,—1), the points of global maximum and
minimum respectively. pu¢(t) = n — 1, ug(b) = 0. The MB-complex is simply n lines
{z =0},...,{z = n — 1} with two points: (n —1,1) and (0, —1) with arrows pointing up-
wards and downwards respectively. If n = 2 then these two points are joint by two curves,
a convex and a concave one, see Figure
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1 F=-1

FIGURE 1. A trivial MB-complex in dimension 2

Example 3.3. Let M = B}(0) be the closed unit ball in R” and let
F(z',...,2") =a (:131)2 +.ay (@) F e ((xl)g +...+ (x")3>

with ay < ... <ap <0<ag <...<a,and 100e < |a; —a;| Vi,j. Then Crit f = {+£e;},
around the critical point +e; the function f looks like

3/2
f:ai—i-Z(aj—ai) (:cj)2i5- (1—Z(xj)2> ig-Z(a:j)g,
JF J#i JFi
thus pif (e;) =i — 1. The MB-complex consists of n lines {x = 0},...,{z =n — 1} with
two points (i — 1,a; = €) on each. Arrow at a point (i — 1,a; &+ €) points upwards if
kE+1<1i<n and downwards if 1 <7 < k. A point at the level X\ is connected to all the
points at the levels A + 1. See Figure [2|

3.2. Metamorphoses of the MB-complex. Here we will restate some results of Cert’s
theory in the language of the MB-complex. The restatement is due to Barannikov (see [I]).

Let M be a smooth manifold with the boundary Ny = oM, F: M — R be a Morse
function on M, Ny be a submanifold of M, I: Ny x [0,1] — M be an isotopy joining
Ny and N;. Take a Riemannian metric g on M such that grad al, F| ~, is a Morse-Smale

vector field adapted to fi = F|y, for t € {0,1}.

Theorem 3.4 (Barannikov, [1]).

e [f there are no critical points of F' in im I, then the MB-complex of fi can be
obtained from that of fy by the following operations:
(a) An application of an orientation-preserving diffeomorphism L: R — R to each
line x=0,...,x =n—1. In this case, for each vertex (p,\,c,v) the value
L(c) — ¢ is non-negative if v =1 and is non-positive if v =|.
(b) A wertical move of a vertez (p, A, co,v) along the direction of v. The new value
¢ should be such that if there is a path from (p1, A1, c1,v1) to po, then ¢y < ¢
and if there is a path from py to (p2, A2, c2,v9), then ¢ < cy.
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%f

FIGURE 2. Standard two-dimensional MB-complexes of indices 0, 1, and 2.

(¢) An insertion of two critical points of neighbouring indices A and A — 1 with
arrows pointing in the same direction and one curve joining them, some other
curves joining new points with the old ones can appear. This operation can
only be performed if there are no old critical values of f in between the two
new critical values.

(d) A deletion of two critical points of neighbouring indices A and A\—1 with arrows
pointing in the same direction and one curve joining them. This operation can
only be performed if there are no critical values of f in between the critical
values at the two deleted points.

o [f there is one critical point of F' in im I and it has index A, then, in addition to the
operations (a)-(d), one of the following two operations should be performed once.
(A.a) A change of the direction of an arrow at a point at the level X from down to

up.
(A.b) A change of the direction of an arrow at a point at the level A — 1 from up to
down.

Definition 3.5. An MB-complex is called trivial if it can be obtained from the MB-
complex in Example by a metamorphose of type (1).

An MB-complex is called standard of indez p if it can be obtained from the MB-complex
in Example with k = u by a metamorphose of type (1).
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4. APPLICATIONS OF MB-COMPLEXES TO THE PROBLEM

4.1. Some information on Morse index from an MB-complex. Let f: U — R be a
Morse function without critical points on the neighbourhood U of S™~! inside By(1). For
each p € S"! the vector d,f # 0 and if p is a critical point of f|g._1, then d,f = T,05™!
since otherwise p would be a critical point of f. We introduce the following notation:
Crita(f) = {p € Crit f: ps(p) = A\};
Crit®(f) = {p € Crit f: dpf|pouy, > 0}, Crit™(f) = {p € Crit f: d,f
Crit§“*(f) = Critx(f) N Crit®(f), Crity(f) = Crity(f) N Crit™(f).

Proposition 4.1. Let F be a smooth extension of f to Bg(l) such that
Crit F = Morse F' = 0. Then the parity of ur(0) can be retrieved from f. Namely,

n—1

(1)@ = (=) ) (=DM # Ot (f) = 1= ) (=) #Crit}(f)

A=0 0

TinM > 0}

3
—

i

Proof. Consider a Riemannian metric g on B (1) that is adapted to F' and is standard in
a neihbourhood of S"~1. We can assume that grad dlgni f is a Morse-Smale vector field
adapted to f (if this is not the case, then push slightly S"~! inside B§(1)). Take a small
sphere Sy inside Bg(1) such that 0 is not inside Sy such that grad gls, F'|g, is a Morse-Smale
vector field adapted to F|g , and the MB-complex associated to (F|g, , W, gradg|so Flg,)
is trivial.

By Theorem , the MB-complex associated to (f,V,grad dlan—1 f) can be obtained
from the one associated to (F'[g ,W,grad ols, Flg,) by the metamorphoses (a)-(d) and a
metamorphoses (up(0).a) or (1up(0).D).

Note that the metamorphoses (a)—(d) do not change the alternating sums in the state-

in

ment. A metamorphoses (up(0).a) increments # Critﬁ;t(o) while decrementing # Crit;"_ -
A metamorphoses (p1r(0).b) decrements # Crit)" o, while incrementing #CritL”F(O)fl.
Thus

n—1

D (=D #Critg ! (f) =D (1) #Critg (Flg,) + (=1 @ = (=1)" " 4 (=1 (@

3
—

A=0 A=0
and
n—1 n-1
(=D #Crit(f) =) (=) #Crith (Flg,) — (1) = (=1)° — (=1)»(©)
A=0 A=0
O

Remark 4.2. Given a gradient-like vector field V' € C*°(S"~! T By (1)) for f (along S™~1)
one can retrieve the parity of pp(0) easily, the way we did it has an advantage of looking
only at a finite number of points. Let (z!,...,2™) be a local coordinate system around 0

from Definition and Sy be a small sphere given by (z!)* + ... + (2")> = e. Connect
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S"~1 with Sy by an isotopy I: S™! x [0,1] = Bg(1). Then vi(z) = V(I(x,t))/|V(I(x,1))]
defines a homotopy between vy, vg: S"* — S"! hence degv; = degvy. It can be easily
computed that degvy = (—1)*#@+7 thus V determines the parity of zp(0).

Sometimes one can retrieve the exact value of pr(0) from the MB-complex, one of the
instances of that is provided below.

Proposition 4.3. Let F be a smooth estension of f to Bgy(l) such that
Crit F' = Morse F' = 0. If a point p € Crit, 1 f (p € Crito f) with the largest (smallest)
value of f(p) lies in Crit? | f (Critd"* f), then up(0) =n (urp(0) =0).

Proof. The version in brackets follows from the unbracketed one by taking —F" instead of
F'. We prove the version without brackets.

The global maximum M of F is attained somewhere. If it is attained at S™ !, then
F(p) = M, but F grows on a curve in Bj(1) emanating from p along v for any v €
T;"Bg (1), a contradiction. Thus M is attained at a critical point of F in Bg(1)\ S™*,
but Crit ' = {0}, so the origin is the point of global maximum of F and since it is
non-degenerate, we have pup(0) = n. O

4.2. MB-complexes admitting different indices.

Definition 4.4. Let C' be an MB-complex. We say that C' admits a critical point of index
A if C' can be obtained from a trivial MB-complex by metamorphoses (a)—(d) and one of
the metamorphoses (A.a) or (\.b).

We will abbreviate the metamorphoses in the following way. A metamorphose is not
completely determined by its abbreviation, yet it should be clear from the context what
metamorphose we mean.

p 1 q The vertex p moves up and becomes higher than q.

p J g The vertex p moved down and becomes lower than q.

+ab T Two vertices a and b with arrows up and a curve joining them are added.

+ab | Two vertices a and b with arrows down and a curve joining them are added.
—ab 1 Two vertices a and b with arrows up and one curve joining them are deleted.
—ab | Two vertices a and b with arrows down and one curve joining them are deleted.
1T pl An arrow at point p is changed from up to down.

$p 7T An arrow at point p is changed from down to up.

Proposition 4.5. For anyn > 2 and 0 < X\ < n —2 there is an MB-complex A} with four
vertices admitting both indices A and X\ + 2.

Proof. A% is an MB-complex consisting of four vertices m, d, u, M with u(m) = 0, u(d) = A,
() = X+ 1, p(M) = n—1, e(m) < e{d) < c(u) < (M), and v(m) =}, v(d) =, v(u) =,
v(M) =1

A% admits index A since it can be obtained from a trivial MB-complex by applying +du |
and then | d 1.

A% admits index A + 2 since it can be obtained from a trivial MB-complex by applying
+du 1 and then 1T u |.
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FIGURE 4. The MB-complexes A3, A}, and A3

See Figures [3] and [ for some examples. O

Proposition 4.6. For any n > 2 there are two MB-complexes Cy = Cff and Cy = CT such
that Cy admits critical points of indices 0,2, ...,2-[n/2] and Cy admits critical points of
indices 1,3,...,2-[(n+1)/2] — 1.

Proof. Both Cy and C have two vertices at each level, and a vertex at level A is connected
by a curve to each of the vertices at the neighbouring levels. The vertices at the level A
are called uy and dy; w, is higher than dy) for all A; the vertices at the level A are lower
than the vertices at the level A + 1. In Cj all uy have arrows up, and all d) have arrows
down except the case when n is odd, then d,_; has arrow up. In C] the vertices uy and
dy have arrows down and all other uy have arrows up and all other d) have arrows down
except the case where n is even, then d,,_; has arrow up.

Let 0 < A < n be an even number. We now describe the general algorithm for obtaining
Cy from a trivial MB-complex by metamorphoses (a)—(d) and one metamorphose of type
(A). See Figures [5] and [6] for examples.

(1) A = 0. First perform +ugd; |, then perform ugg_1usy T and dogdogs1 | until reaching
d,_1 or u,_, depending on the parity of n. Next, for each k > 1 perform us T doy.
Finally, perform | ug 7.

(2) 2 < A < n—1. Perform ugrusr1 T and dogi1dogyo | until reaching dy. Then
perform uydy 1, next perform usy_jus T and dopdoryq | until reaching d,,_; or u,
depending on the parity of n. After that perform u; 1 d; for each ¢ with ¢(u;) < ¢(d;)
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Ug

ind 0 ind 2 ind 4
+U0d1 \L +UgU T +UgUy T
+UuiUs T +d1d2 \l, +d1d2 \L
+d2d3 \l/ +U2d3 \l/ +UgUs T
+usty T +uzuy T +d3d4 \l,
ug T dy uy T dy uy T dy
ug T dy | ugTdy |uztds
Luo T Jug T Ldy T

FIGURE 5. (j in dimension 5 and metamorphoses from a trivial complex to Cy

ind 0 ind 2 ind 4 ind 6
+U0d1 \L +UgU T +Uuguq T +Uuguq T
+UuilUs T +d1d2 \l, +d1d2 \L +d1d2 J/
+d2d3 \l/ "—Ugdg i/ +UgUs T +UoUs T
+uUsuy T +uzuy T +d3d4 \l/ +d3d4 i
+d4d5 \L —|—d4d5 \l, +U4d5 T +U4d5 T
ug T dy uy T dy uy T dy uy T dy
ug T dy |ugtdy |ustds |ustds
lug? [du? [Juwt [1d5]

FIGURE 6. Cj in dimension 6 and metamorphoses from a trivial complex to Cy
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ind 1 ind 3

+uguq T +U0d1 \L
+d1d2 \L +UU2 T
+ugus T +d2d3 \l/

up T dy
uztdy | ugTdo
Tug | Lds?

FIGURE 7. C] in dimension 4 and metamorphoses from a trivial complex to C}

ind 1 ind 3 ind 5 ind 7

+UugUy T +U0d1 i —|—U0d1 i +U0d1 \l,
+d1d2 \l/ +U1U2 T +ULU2 T +ULU2 T
+usus3 T +d2U3 T +d2d3 \L +d2d3 i
+d3d4 \L —|—d3d4 \l, +uszuy T +uszty T
+uqus T +uqus T +d4U5 T +d4d5 \L
+dsds | | +dsds | | +dsds | | +usue T
uy T dy ug T dy ug T dy ug T ds
uztdy |uztdsy |ugtdy |ug?dy
us Tds | ustds |usTds |ug?ds
Tuod |Tdol [Tdsl [Tdsl]

FIGURE 8. (' in dimension 7 and metamorphoses from a trivial complex to C
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(these are odd i before A and even i after A). Finally, perform | uy Tif A <n —1
or | d,_1 T otherwise.

(3) A = n. Perform usgusri1 T and dogy1daryo | until reaching d,, 5. Then perform
Up_od,_1 }. Next for each odd 1 < ¢ < n — 3 perform u; 1 d;. Finally, perform

T dnfl i/
Let 1 < X < n be an odd number. We now describe the general algorithm for obtaining

C from a trivial Morse-Barannikov by metamorphoses (a)-(d) and one metamorphose of
type (A). See Figures (7] and [§] for examples.

(1) A = 1. Perform uggus+1 T and dogi1dogro | starting from k& = 0 until reaching d,,_,
or u,_1 depending on the parity of n. Then perform w; 1 d; for each odd i. Finally,
perform T ug |.

(2) 3\ < n — 1. First perform wyd; J. Then perform wugy_quge T and dogdors1 |
until reaching uy)_;. Next perform dy_juy, T. After that perform dsp_1dox | and
UggUsok+1 T until reaching d,,_; or w,_; depending on the parity of n. Then perform
u; T d; for each ¢ with c(u;) < ¢(d;) (these are even i before A\ and odd ¢ after ).
Finally, perform 1 dy_; |.

(3) A = n. First perform wgd; J. Then perform wuoy_1usy T and dogdai1 J until reaching
d,_1. Next perform wu; 1 d; for all even ¢ > 2. Finally, perform | d,,_1 7.

g

5. TOOLBOX: METAMORPHOSES OF MORSE FUNCTIONS

Definition 5.1. Let U C By(1) be a neighbourhood of S"~! and f: U — R be a Morse
function without critical points. We say that f admits index X\ if there exists a Morse
function F': Bj(1) — R such that

(1) Fl, =,
(2) Crit ' = {0}, and
(3) pr(0) = A.

Remark 5.2. Tt is clear from Theorem [3.4] that if f admits index A, then the MB-complex
associated to (f,grad f, W) admits index A (W € C>*°(OM,T0M) is a Morse-Smale vector
field adapted to f).

Note that if f is extendable with index A, then so is Lo f for any orientation-preserving
diffeomorphism L of R and fo R™': R(U) — R for any diffeomorphism R of By(1).

Note also that if F': M — R is a Morse function and A is a closed subset of M not
meeting Crit £, then a vector field V' € C*(A, T M) satisftying V' F > 0 can be extended
to a gradient-like vector field V€ C*(M,TM) for F and a Riemannian metric g €
C>(A, S*T*M) along A can be extended to a Riemannian metric g € C*(M, S*TM)
adapted to F. In particular, if F': By(l) — R is a Morse function, then we can assume
that the Riemannian metric adapted to F' is the standard metric coming from R"™ outside
an arbitrary neighbourhood U of Crit F'.
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5.1. Flips.

Definition 5.3. Let F': By(l) — R be a Morse function without critical points and
p € S" ! be a critical point of F|g,_,. A Morse function F: By(l) — Ris a flip of F at p
of index X\ if

(1) F = F outside some neighbourhood U, of p in By(1);

(2) grad F(p) and grad F(p) point in opposite directions;

(3) F| = Flgss

Sn—1

(4) Crit ' = {0} and p(0) = A.
The following statement is a refinement of [I, Lemma 1] by Barannikov.

Lemma 5.4. Let F': B3(1) — R be a Morse function without critical points and p € S~
be a critical point of f = F|g._1 with puy(p) = X and grad F(p) € T,"Bg(1). Then there

exists a flip F' of F' at p of index \.

Proof. Without loss of generality we can assume that F'(p) = 0. Choose a local coordinate

system (z!,... 2" y) in a neighbourhood U; of p in such a way that

(1) Uy is given by y < 0,
(2) z = (z',...,2™!) is a coordinate system in U; N S™! adapted to p (with respect
to f), and
(3) F(x,y) = f(x) — 2y (to satisfy that first choose y such that (1) and (2) hold, and
then define 2y(z,y) = f(z) — F(x,7)).
Let a > 0 be such that U, = By~ '(a) x [—a, +00) satisfies Uy N {y < 0} C U;. Note that
for (x,y) € Uy with y < 0 we have
A n—1
F(z,y) =— Z (acz)2 + Z (.rl)2 — 2.
i=1 i=A+1
By modifying F on {(z,y) € By '(a) x (—a/5,0): a/5 < |v| < 4a/5} we can ob-
tain a smooth function F; without critical points such that Fi(z,y) = F(z,0) for
2a/5 < |z| < 3a/5 and —a/10 < y < 0. Now we extend this function to the smooth func-
tion
Fy: By '(a) x (—a,0] U {(z,y) € Uy: 2a/5 < |z| < 3a/5} - R
by Fy(x,y) = Fa(z,0) for 2a/5 < |z| < 3a/5 and y > 0.
Define a function G: Bj '(a) x [0, +00) by

A n—1
)2 )2
G(x,y)zl—Z(:c) —l—Z(x) +(y — 1)2
i=1 i=A+1
Note that F, and G satisfy Fy(z,0) = G(x,0) for = € Bj '(a) and

grad Fy(z,0) = grad G(z,0) for |z| < a/5. So there is a smooth extension F3: Uy — R
of F, such that

(1) F5(z,y) = G(z,y) for |[x| <a/5 and y > 1/2 and
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(2) Crit Fy = Crit G = {(0,...,0,1)}.
Now let 7: By '(a) — R be a smooth function satisfying
(1) y(z) = 2 for |z| < a/5,
(2) y(z) =0 for |z| > a/2, and
(3) Fy(x,y(z)) = F(x,0) for all x € By~ *(a).
Take a diffepmorphism ® of U, such that
(1) &(x,y) = (z,y) for |z| > 2a/5 and
(2) ®(x,7) = (z,0) for all z € By *(a).
The function Fy(z,y) = F3(z, ®~1(x, y)) is almost the one we need. The only difference is

that the critical point q of F} is not at the origin, so F' = FyoW where V is a diffeomorphism
of By that maps 0 to g and is the identity near S™~ 1. U

Corollary 5.5. Let F': By(1l) — R be a Morse function without critical points and p €
S™" be a critical point of f = F|g,_, with us(p) = X — 1 and grad F(p) € T Bg(1).
Then there exists a flip F of F at p of index .

Proof. 1t follows from the proposition that there exists a flip —Fof —F at p of index n— .
Then — (—F> is a flip for F" at p of index . U

5.2. Standard births.

Definition 5.6. Let F': Bj(1) — R be a Morse function, V' € C*(S" 1 TS" 1) be a
Morse-Smale vector field adapted to f = Fl|g.—1, p € S™ ! be a regular point of f, U,
be a neighbourhood of p in B§(1), v = 7. be the flow line through p, and ¢ > 0 be such
that v(t) € U, for |f| < 3e. We say that a Morse function F: B2(1) — R is obtained
from F by a standard birth in U, of index X\ if there exists a Morse-Smale vector field

Ve =", TS ) for f = F _ such that
Sn—

(1) F=Fand V =V outside Up;

(2) Crit f = Crit f U{p_,p+} where py = vy(£e) € Uy;

(3) nilpy) = A, pplp-) = A+ 1, 7‘13/(—5, g) is the unique flow line between p, and p_,
v(=2¢) 7(2€)
% Iy % ‘
(4) grad F(x) and grad F'(z) both lie in either T By (1) or T°“*Bg (1) for any x € S™~1.

and im -~y Uim’yguim”y =imni.

The construction we present here is essentially the one known classically and explained
by Cerf in |2, TI1.1]. The only difference is that we have an additional dimension, that is,
we need to extend the modification of a function on S™! to its tubular neighbourhood.
This is done straightforwardly, yet we write the construction in some detail as we later
need its additional property, namely, that one can relate standard births at two points on
the same flow line.

Lemma 5.7. Let F': B3(1) — R be a Morse function, V € C°°(S"~1, TS™ 1) be a Morse—
Smale vector field adapted to f = F|g.—1, p € S" ' be a regular point of f with grad F(p) ¢
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T,5" 1 and X\ € {0,...,n—2} be a number. Then for any sufficiently small neighbourhood

U, of p and sufficiently small € > 0 there exists a Morse function F: By (1) — R obtained
from F by a standard birth in U, of index .

Proof. Without loss of generality we can assume that F'(p) = 0. Choose a local coordinate
system (z',... "' y) in a neighbourhood U of p such that

(1) U; is given by y < 0;

(2) F(z',...,2" " y) = 2" " 4+ oy with 0 = 1 if grad F(p) € T7**Bg(1) and 0 = —1 if

grad F(p) € T By(1);
(3) the flow line through p is given by ~(t) = (0,...,0,¢,0).
Let a > 0 be such that Uy = Bj '(a) x (—a,a) satisfies Uy N {y < 0} C U;. Let

omega: R — R be a smooth function that is equal to 1 for |z| < a/4, equal to 0 for
|z| > a/2, symmetric with respect to 0 and monotone on [0, 4+00). Define a function

A n—2
Glay) =-3 (@) + Y (@) + (@) + (1 - 20(|(z,y))erz" " + oy
i=1 i=A+1
and a diffeomorphism
A n—2
O(z,y) = (2*,..., 2" 2% — Z (:):’)2 + Z (ZEl)Q + (:v"_l)3 + 12" y),
=1 i=A+1

where ¢; = 3 (%)2/3.

Then F = G o ®! and f: F

have the following properties

{y=0}
(1) F(z,y) = 2" + oy = F(z,y) if [z| > a/2 or |y| > a/2;
(2) CritE =
(3) Critf = {py,p-} = {(0,...,0,6,0),(0,...,0,—¢,0)}; ,uf~(p+) = A, and
pip-) = A+ 1
(4) %(x,y) =0= %—I;(x,y) for all (z,y) € Us.
Thus F and V = grad f are the desired function and vector field. O

Remark 5.8. From the construction it follows that fand 1% depend only on f and V and
not on the extension of f to F.

5.3. Connecting two Morse functions. Since two Morse functions with the same
Morse-Barannikov complex are not necessarily equivalent, we need to find a way to some-
how connect them. First we prove a technical lemma that allows us to obtain a Morse
function without critical points in a neighbourhood of S"~! inside R™ from two Morse
functions without critical points in neighbourhoods of S™! inside {x € R": |z| < 1} and
{r eR": |z| > 1}.

Lemma 5.9. Let F be a continuous function on S. = {z € R": 1 —¢ < |z|] < 1+ ¢}
which is a Morse function without critical points on ST = {x e R": 1 < |z| <1+ ¢} and
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S ={reR":1—¢e < |z| <1}. Suppose that grad (F|S§') (p) = grad (F|S;) (p) for all
p € Crit F|g.1. Then there exists a Morse function without critical points F on S. such
that F' is equal to F' in a neighbourhood of 05S..

Proof. Let F* be smooth extensions of F from Sf to S. such that
grad (F\S;:) () = grad (F*) (z) for all = € S*L Taking a smaller ¢
we can assume that F* are Morse functions without critical points. Let
¢ = minyegs—1 min { |grad Flg+ (y)|, |erad Flg- ()|}, for p € Crit Flg.y let U, be
a small cap on S™ ! around p such that |grad F*(z)—grad F~(z)] < ¢/100 and
lgrad F*(z) — grad F*(p)| < ¢/100 for any = € U,. Pick § > 0 such that the following
conditions are satisfied
(1) Fly o =t Fflgoa + @ F7[gu1 is a Morse function equivalent to F|g,-, for
any t € [1 — 4,14 6] and o™, a” > 0 with o™ +a~ = 1 and for any ¢ € Crit F,,
the point ¢/|q¢| lies in U, for the corresponding p € Crit F|g._1;
(2) |grad F=(z) — grad F*(z/|x])| < ¢/100 for any any z € S;.
Take a partition of unity {p*, 90"} on S. subordinate to the open cover
{zeR":1-6<|z|<1+e},{z €eR":1—¢e<|z| <1+ 68}} such that ¢F constant on
cach |2]S"1, decreases in |z| and |grad ot| < 2/5. We define F = T F* 4+ ¢ F~. We
need to prove that F has no critical points.
Consider x € S.. If x ¢ S5, then F coincides with F'* or F'~ in a neighbourhood of z,
therefore, x is not a critical point of F. Now let x € Ss. If x is not a critical point of
F , then let p be

F , then z is obviously not a critical point of F.Ifz € Crit F —

|I‘Sn—1
the corresponding critical point of F|g,_,. We have

grad ﬁ(m)‘ = |grad F~(z) + (F*(z) — F~(2)) - grad ™ (z) + ¢ (2) - (grad F*(z) — grad F~ ()]
> |grad F~ (p)| — |grad F~(p) — grad F~ (z/|z|)| — |grad F~ () — grad F~ (z/|z])|

— |grad o™ (z)| - |z — @ /||| - Joax ngradFW) grad F~(y)|

— |grad F* (z) — grad F~ ()|
For y € [z, x/|z|] we have
|grad F* (y) — grad F~ (y)| < |grad F*(y) — grad F (y/y))|
+ [grad F* (ala]) — grad F~(o/Jal)| + |grad F~(y/ly) — grad F~(y)]
< 3¢/100
S0

’grad f(:v)‘ > ¢ ¢/100 — ¢/100 — 5 5. 100 ~3¢/100 > 0

thus x is not a critical point of F. [l
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Now we connect two Morse functions in such a way that the result will satisfy the
assumptions of the previous lemma.

Lemma 5.10. Let f1, fa: S- — R be two Morse functions without critical points. Suppose
that Crit fi|gn—1 = Crit fo|gur = C, foreachp € C fi(p) # f2(p) and the vectors grad f;(p)
both point out if fo(p) > fi(p) and point in if fo(p) < fi(p). If there exists a smooth vector
field Ve C=(S™ 1 TS" 1) such that V f;(z) > 0 for any x € S" '\ C, then there exists a
Morse function without critical points F: {x € R": 1 < |z| <2} = A — R such that

(1) F(i-z) = fi(x) for any x € S™;

(2) i-grad F(i - p) = grad f;(p) for any p € C;

Proof. For each x € S ! denote by n, the unit outer normal to S"~! at x. For p € C let
U, be a small cap in S"! around p such that

sgn(f2(r) — fi(x)) = sgn (na, grad fi(x)) = sgn (na, grad fa(x)) for all z € U,
Let ¢,: {x € A: z/|z| € U,} — R be a smooth function such that for any z € S"~*
(1) ¢p(x) = fi(z) and grad p,(z) = grad f1(z);
(2) @p(22) = fo(x) and 2 grad @, (2z) = grad f(z);
(3) ®pli,00 is strictly monotone.

Let Fleq: A — R be a convex combination of f; and fs:

Freg(2) = (2 = [a]) fu(e/[2]) + (Jo| = 1) fo(a/]2])-
Take a partition of unity {h,},ec U{h} subordinate to an open cover {Up,},cc U{U} where
U= 8""1\C and define
F=hFrey+ Y hypy.
peC
We need to check that F' has no critical points. Indeed, (grad F'(z),z/|x|) = 0 only if
f1(z) = fa(z) and that can happen only outside each of U,. But then for y € S™! we have

F(lz]-y) = (2 = [z]) fi(y) + (Jz] = 1) fa(y),

VE(z]- )(y) = (2= 2DV fily) + (lz] = DV faly) > 0
thus grad F'(z) # 0. O

6. FUNCTIONS IN A NEIGHBOURHOOD OF S™~! ADMITTING DIFFERENT INDICES

With all the tools developed in the previous section we are ready to construct a function
that admits two different indices. We first illustrate the idea with the two-dimensional
case.

Let F) € (C*(B3(1)) be a Morse function without critical points given by
F(z,y) = 2y(®°(z,y)), where ®° is a diffeomorphism of the plane that maps B2 dif-
feomorphically onto the figure bounded by the red curve on Figure[9} Let F2 € C=(B3(1))
be a Morse function without critical points given by FP(z,y) = y(®?(x,y)), where ®? is a
diffeomorphism of the plane that maps B2 diffeomorphically onto the figure bounded by
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T y=1

1 L

FIGURE 9. Insertion of a pair of critical points with arrows down in dimen-
sion 2

T y=1

FIGURE 10. Insertion of a pair of critical points with arrows down in dimen-
sion 2

the red curve on Figure . Which choose the diffeomorphisms ®° and ®2 in such a way

that Crit F?|s = Crit FP|q.

FY) is obtained from F} by a flip of index 0 at the critical point p° with F?(p®) = —0.2. F3
is obtained from F? by a flip of index 2 at the critical point p? with F2(p?) = 0.4. Now, using
Lemmal5.10, we connect Fy and F¥, let G be the resulting function in {p € R?: 1 < |p| < 2}

)

(see Figure [11)).
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FIGURE 11. Connecting two functions in dimension 2

G and F satisfy the assumptions of Lemma , so there exists a Morse function function
F? € C*(B3(2)) such that Crit Fy = {0}, F} is equal to F} in a neighbourhood of the
origin and is equal to G in a neighbourhood of 25*.

Now extend Fy from B2(2) to a function FY on BZ(2 + ) such that no new critical
points occur and the Morse-Barannikov complexes for FY and FY near the boundary are
the same. F7 and FY satisfy the assumptions of Lemma 5.9 near 25, so there exists a
Morse function F' on BZ(2 + ¢) such that Crit F{0}, F is equal to F? in a neighbourhood
of the origin and to F¥ in a neighbourhood U of (2 + ¢)S*.

We obtained a function F|;, that can be extended to B3(2 + ¢) in two different ways:
by F and by FY. In the former case we have Crit F' = Morse F' = {0} and px(0) = 2, and
in the latter one we have Crit FY = Morse FY = {0} and pr(0) = 0. Now let us proceed
with the general case.

Theorem 6.1. Letn > 2 and 0 < A < n—2. Then there exists a Morse function f: U — R
in the neighbourhood U of S"' inside B§(1) that admits both indices X and X + 2.

Proof. First we construct functions F* and F**2? guided by the combinatorial procedure
described in Proposition [4.5|

(1) Fy = F;™ = 2. The gradient-like vector fields V = grad 2"y, , for the standard
round metric on the sphere, ®, is the flow on S"~! generated by —V. The critical
points of f3 and f3"% are n = (0,...,0,1) and s = (0,...,0, —1).

(2) Let v be the flow line on S"~! through the point p = (1,0,...,0). Denote p; = y(¢),
p- = y(—e).

(3) Set [} = FoW* and F{2 = [ 20 U2 where U* and W2 are diffeomorphisms
of B§(1) such that \I’)“an = ®,, and \I’)‘H‘an =0_y,.
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4) F3 and F)*? are obtained by a standard birth at point p from F* and F)*? re-
2 2 y p p 1 1
spectively.
(5) Fy is a flip of 3 at p_ of index A, F is a flip of F5;" at p, of index \ + 2.
(6) Let L: R — R be an orientation preserving deffeomorphism such that

L(f5(s)) < f372(s) < f372(p-) < L(f5 (p-)) < L(f3(p+)) < f372(p4) < f572(n) < L(f3 (n)).
Set [} = Lo F and F,}™ = F)*2,
(7) Use Lemma|5.10| to connect F4’\}SE_ and F4’\+2‘SE_ by a function G: {1 < |z| < 2} —
R.
(8) Let Fs be an extension of F} to B3(1 + ¢) such that no new critical points occur
and the MB-complex of f does not change.
(9) The functions F;*?| g~ and Glg+ satisfy the assumptions of Lemma , let F+?
be the resulting Morse function in By (2).
(10) The function F5/\+2‘2S§ and Fg\‘%‘i satisfy the assumptions of Lemma , let ;2
be the resulting Morse function in B (2 + 2¢).
The functions FY and Fy'? are equal in a neighbourhood of 9BF(2 + 2¢),
Crit F = Crit Fy 2 = {0}, 1 (0) = A, and uFijz(O) = A+ 2. Thus we constructed
the desired functions. i

7. CONCLUSION

Now that we have constructed functions in a neighbourhood of spheres that admit two
indices differing by two, we can outline a path to Conjecture (1.2l The combinatorial part is
done in Proposition [4.6, and we believe one should follow the algorithm there. The obvious
difficulty is that we do not yet developed a way to change the value of f at a critical point
in a controllable fashion. Some other technical difficulties will undoubtedly arise, yet we
consider following the combinatorial procedure from the proposition promising and hope
it will lead us to the proof of the conjecture.
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